In this paper, we generalized the known Laplace-transform final-value theorem. From our conclusion, one can deduce the existing results in [1, 3, 12] . By using final value theorem, we give a new proof that Caputo fractional differential equations have no nonconstant periodic solution.
Introduction
The final value theorem is an extremely useful result in Laplace transform theory. The final value theorem provides an explicit technique for determining the asymptotic value of a signal without having to first invert the Laplace transform to determine the time signal [1] .The theorem have been applied in control systems,queuing theory,ergodic physical [6] .
The standard assumptions for the final value theorem [2] require that the Laplace transform result have all of its poles either in the open left half plane or at the origin,with at most a single pole. In this condition, the time function has a finite limit, then one can have
where F (s) = L{f }(s)(see definition 3.1) and s approach zero through the right half plane. In the standard final value theorem ,we need both side limit in (1) should exist. In [1] , the authors publicize and prove the "infinite-limit" version of the final value theorem which can be applied to irrational functions well. In [3] ,the authors consider a function f (t) which is periodic or asymptotically equal to a sum of periodic functions, then
Clearly,(2) is a generalization of (1). But for some function like f (t) = t 2 sin(t)(see example 4.3), (1) and (2) both can't work.
In this paper,we general the results in [3] to the general case which can be used to more functions. The existence of periodic solution is a desired property in fractional dynamical systems. By using the final value theorem of periodic function, we can prove that Caputo fractional differential equations have no nonconstant periodic solution.
Preliminaries
In this section,we introduce some definitions and results which will be useful throughout the paper. One can see [4, 5, 13] for more details. In this paper, we always assume that s ∈ C and s → 0 means s approach zero through the right half plane. 
(3)
From the definition,one can have
where 
then f (t) ≡ 0.
Main Result
In this part,we will prove the generalized Laplace final value theorem. We give an example to illustrate our results. 
Proof. (I) In fact, we have
then we only need to prove 
(a) when α is non-negative integer number,
([7, p.33]) and u > 1, one can find K > 0, so that
Since ∞ n=1 K n α+1 exists and with (12), we can exchange the order of calculus and limit, then
By using the same method with (i),we can acquire (10) .
exists, then by using (1),we have lim s→0 sF (s)
Remark 4.2 In many applications, it may be hard to find the α 0 .But if f (t) is a bounded, periodic function and of period T > 0, we can choose α 0 = 0 as the smallest number which can make (11) success. In fact,we denote g(t) = f (t) − 1 T T 0 f (τ )dτ ,one can easily check that a+T a g(τ )dτ = 0, ∀a ≥ 0. When t ∈ ((n − 1)T, nT ], n = N + ,
which means
If f (t) is also differentiable over a period,then
Proof. Let f (t) = t q sin(ωt), then by (3),one can have In fact,we choose α ≥ q. By using the formula 3.385 in [9, p.349],one can have
in which B(·, ·) is beta function [7] . According with (13), = 0.
Nonexistence of nonconstant periodic solutions in fractional-order dynamical systems
The existence of periodic solutions is a desired property in fractional dynamical systems. Some results have been investigated in [10, 11] . In this paper, we give a new method to study the period solutions of the following scalar fractional system c 0 D α t x(t) = f (x(t)), t ≥ 0, α ∈ (0, 1).
